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Introduction

I N this Note the extension in dynamic analysis of the systems
with variable mass under the influence of the central force

and damping is considered. The task is to find some of the
conservation laws. Noether's theorem1 defines the condition
for existence of a conservation law of the dynamic system. The
system considered in this Note is a Lagrangian nonconserva-
tive dynamic system. The conservation law exists for every
infinitesimal transformation of the generalized coordinates
and time that leaves Hamilton's action integral absolute or
gauge-invariant. Let us assume the space and time generators
F' and/, respectively, which are supposed to be functions of
the generalized coordinates *', generalized velocities Jc1', and
time t. The conservation law

x) = C = const (1)

exists, when Noether's identity

(2)

is satisfied.
The complexity of the problem is connected with the fact

that Noether's theorem does not offer any suggestions for ob-
taining the conservation laws. The solution of this problem
leads to a system of first-order partial differential equations
that we call generalized Killing's equations.

Extended Kepler Problem
The differential equation of motion of the body with vari-

able mass under influence of a central force and damping is

m(0
dV
dt2 = m(t)krrn (3)

where m(t) is the variable mass, r the position vector to the
unmovable point, r the magnitude of the position vector, k the
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coefficient of the central force, « = 0, ± 1, ±2, . . . , 6 a damp-
ing coefficient and 0 the reactive force. In the general case the
relative velocity of the particle dm is described as a fraction of
the velocity (dr/dt). Then the reactive force is

(dm(tj\(p\(dr= " (4)

where p/q is a positive or negative quantity. For the polar
coordinates the differential equations of motion are

m(t)(r-r62) = m(t)kr»

\ dt

(5a)

(5b)

where r and 6 are polar coordinates. The second equation gives
the first integral of motion

r2Om(t)-P/(* Q\pd =K = const (6)

Introducing 0 from Eq. (6) into Eq. (5 a) it is

-26 — = kr"

(dm(t)\ //A _^ 6r
\ dt /\q) m m (7)

[For simplicity, m(t) = m].
Despite the fact that the system is nonconservative, a La-

grangian function exists and is of the form

L = r2m -P'« exp 6 — 2 - exp 6 — 2rn

(8)

Let us suppose the space and time generators and the gauge
function have the forms

P=P(t,r) (9)

Substituting Eq. (8) and Eq. (9) into Eq. (2) and equating to
zero terms of the various powers of r the following system of
Killing equations results:

6| —
m

exp -V
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-« l*m

xexpl -6 1 —
m Arr' I + 1 /H-<' ' /«>exp6 — ) / ( « + !)m"

(10b)

m

(lOc)

(lOd)

Let us introduce both generators into Eq. (lla). The connec-
tion between the damping coefficient 5 and degree of the cen-
tral force n as a function of mass variation law m is obtained

U - ) m^expf -6 -)
\ J /w/J L V J WJ

xexpU - m e x p -6 - dt (14)
\ J /w/J L V J WJ

According to Eq. (1) the corresponding conservation law is

exp 6 —
™

-d\ - ) 2 + kr"+l

xexp(6( - ( «™
= C = const

5 - d/

(15)

We must emphasize that the conservation law is valid for m(t)
satisfying the restriction (14).

A special case of motion of the body with variable mass is
of interest: the absolute velocity of the particle dm is zero
(Levi-Civita case), considered in the following section.

The last equation implies that/=/(0- Supposing the absolute
invariance of the action integral, that is, P = 0, Eq. (lOb) in-
dicates that F = F(r) (since dF/dt=0). The remaining Eqs.
(lOa) and (lOc) are reduced to the following system

— } \Fm;

-*\*m
xexp(d\ - L 2 <,/,)-1 -2(P\[-Km" r \-J

m

x6exp( -6l —
v J m.

^lexpU|5)/(« + l) = 0 (lla)

The space generator is assumed to have the form

(12)

where j3 is an arbitrary constant different from zero.
Substituting Eq. (12) into Eq. (1 Ib) we obtain the time gen-

erator

d\ - \
-6 - dt (13)

Expanded Levi-Civita Equation
Levi and Civita assumed that the absolute velocity of the

mass particle dm is zero.2 For such an assumption the differ-
ential equation of motion of the body with variable mass in the
central force field is simplified as

"-1 - (16)dt

Using the previous consideration, two first integrals are ob-
tained:

r26m expl 61 — ) = K = constx ' m/

and

m expl 61 — - r 2 mexp(5 |^ ) /2

dt

= C = const

for

- M ^ l d ,
my

(17)

(18)

(19)
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These two integrals are not enough to integrate the equation of
motion but can help us to comment on the physical sense of the
problem. Two examples follow.

Example 1. Let us assume the case when the mass varia-
tion is a linear function of time

m = m0(l — at) (20)

where a is a constant value. According to Eq. (19) the damping
coefficient must satisfy the relation

= 4a/(l+n) (21)

When the central gravitation force is inversely proportional to
the square of the distance n = — 2

d/a = 4/3

and the conservation law is

(22)

(rr + r2m +2kr~lm)m-'A + 3K2m4/3r-2/(4ot) = C = const
(23)

Example 2. The damping coefficient satisfies the relation
/ \

«=-($) (24)

The trajectory is described in the form

The first integral is

r2 - 2krn+l/(n + 1) + K2r~2 = const

It corresponds to the results in Refs. 3 and 4.

(25)

(26)

Conclusion
For the system with variable mass under the influence of a

central nonlinear force and linear damping, conservation laws
exist. The mass and the reactive force produced by mass vari-
ation are functions of time. The system presents a nonconser-
vative system that has a Lagrangian. According to Noether's
theorem such a system has conservation laws. In this Note the
conservation laws are found. These first integrals have a very
important role in considering the dynamic behavior and de-
tecting chaotic motion of the system. The conservation laws
presented in this Note are valuable only for strictly defined
mass variation. For some simplifications in the system the
standard Kepler problem is obtained and the conservation law
reduces to the well-known form.
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Nomenclature
A = circle obtained in plane 1 at the start of detection
a = position of target at the start of detection measured

along the radius of A (i.e., along r)
R = range of target from missile at the start of detection

(measured along line of sight)
r = radius of A _ _
V_ = magnitude of F(i.e., \V\)
V = relative velocity vector of target with reference to
_ missile
Vn = V COS 7
Vr = V sin 7
/3 = tan-l[r/^J(R2-a2)] (i.e., 1A beamwidth)
7 = smaller angle between V and plane 1 measured in

plane 2
<t> = angle between the outward_radial vector of A

containing the target and Vn, measured in plane 1
(+ ve anticlockwise as seen from the missile)

\l/ = l/2 the angle subtended at the antenna center in plane
2 by the chord of A along Vn (i.e., ^NOQ, Fig. 2)

Introduction

SURFACE-to-surface missiles or air-to-air missiles that use
mid-course guidance followed by a terminal homing phase

need to acquire the target at the start of the homing guidance
phase. For acquisition, the onboard radar system would re-
quire the target to be in the beam for a finite time. This finite
dwell time on target is necessary to process the received signal
for detection, confirmation, and subsequent tracking of the
target. Hence the problem of determining a circular area per-
pendicular to the beam axis that accounts for a finite dwell
time is important in the context of target acquisition without
search in a three-dimensional aerial engagement. Kuno et al.1
have considered the interaction of the radar beam with a plane
that contains the target velocity vector. The intersection results
in an ellipse, but for analytical convenience they have approx-
imated it to a circle and pointed out that the error thus intro-
duced would not affect the results for their application. Kouba
and Bose2 have evaluated the pointing angle error circular
error probability (CEP) as a function of a unit pointing vector.
The pointing angle error that results from the combined effect
of all of the error sources is obtained as the root-sum-square
of the individual error. Their analysis indicated the relation
between the probability of target sighting by the missile and
the error in the pointing vector. Kuno et al. and Kouba and
Bose, however, did not address dwell time determination pro-
cedures. In this Note a three-dimensional engagement is con-
sidered and the evaluation of the minimum value of dwell time
is represented in the form of a nomogram. Some of the vari-
ables are redefined more appropriately here, as compared with
those given in Ref. 3. The variables that affect the estimate of
the minimum dwell time have been grouped into an optimal set
of independent parameters, namely V/R, a/r, 7, and /3. The
present study is not concerned with determining the seeker
dwell time required for detection and confirmation of the tar-
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